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KLEE-PHELPS CONVEX GROUPOIDS
J.F. PETERS, M.A. O¨ZTU¨RK, AND M. UC¸KUN
Abstract. We prove that a pair of proximal Klee-Phelps convex groupoids
A(◦),B(◦) in a finite-dimensional normed linear space E are normed proximal,
i.e., A(◦) δ B(◦) if and only if the groupoids are normed proximal. In addition,
we prove that the groupoid neighbourhood Nz(◦) ⊆ Sz(◦) is convex in E if
and only if Nz(◦) = Sz(◦).
1. Introduction
Klee-Phelps groupoids are named after V.L. Klee and R.R. Phelps. It was Klee,
who characterized a convex set in terms of a subset of a finite-dimensional Euclidean
space that is the set of all points that are nearest a point in the space [3]. It was
Phelps, who proved that for a subset S in a inner product space E, the set Sz of
all points having z ∈ S as the nearest point is a convex set [6]. Let Sz be the set of
all points in E having z ∈ S as the nearest point in S, defined by
Sz =
{
x ∈ E : ‖x− z‖ = inf
y∈S
‖x− y‖
}
.
Lemma 1.1. (Phelps’ Lemma [6]) If E is an inner product space, S ⊂ E and
z ∈ S, then Sz is convex.
The main result in this paper is that a pair of Klee-Phelps convex groupoids
A(◦), B(◦) in a finite-dimensional normed linear space are proximal if and only if
A(◦), B(◦) are normed proximal.
2. Preliminaries
Let E be a finite-dimensional real normed linear space, A,B ⊂ E, x, y ∈ E.
The Hausdorff distance D(x,A) is defined by D(x,A) = inf {‖x− y‖ : y ∈ A} and
‖x− y‖ is the distance between vectors x and y. The C˘ech closure [7] of A (denoted
by clA) is defined by clA = {x ∈ V : D(x,A) = 0}. The sets A and B are proximal
(near) (denoted A δ B), provided clA ∩ clB 6= ∅ [2, 4]. A nonempty space endowed
with a proximity relation is called a proximity space [5]. The space E endowed with
the proximity relation δ is called a proximal linear space. The assumption made
here is that each proximal linear space is a topological space that provides the
structure needed to define proximity relations. The proximity relation δ defines a
nearness relation between convex groupoids useful in many applications. A subset
2010 Mathematics Subject Classification. Primary 20N02; Secondary 54E05, 52A99.
Key words and phrases. Convex groupoid, proximal, normed linear space.
The research has been supported by the Scientific and Technological Research Council of
Turkey (TU¨BI˙TAK) Scientific Human Resources Development (BIDEB) under grant no: 2221-
1059B211402463 and Natural Sciences & Engineering Research Council of Canada (NSERC) dis-
covery grant 185986.
1
2 J.F. PETERS, M. A. O¨ZTU¨RK, AND M. UC¸KUN
K ⊂ E is convex, provided, for every pair points x, y ∈ K, the line segment xy
connecting x and y belongs to K.
Let S ⊂ E, x, y ∈ S, and Sx, Sy are nonempty Klee-Phelps nearest point sets.
From Lemma 1.1, Sx, Sy are convex sets. Sets Sx, Sy are proximal if and only if
‖a− b‖ = 0 for some a ∈ clSx, b ∈ clSy. That is, convex sets Sx, Sy are near,
provided the convex set Sx has at least one point in common with Sy. In effect,
Sx, Sy are proximal if and only if cl(Sx) ∩ cl(Sy) 6= ∅. A convex hull of a subset
A in E is the smallest convex set that contains A.
Lemma 2.1. If cl(Sz) is a convex hull in E, then Sz ⊆ clSz.
Proof. Let x ∈ (X \ Sz) such that x = y for some y ∈ cl(Sz). Consequently,
x ∈ cl(Sz). Hence, Sz ⊆ cl(Sz). 
Let S ⊂ E, z ∈ S, ε := inf
y∈S
‖x− y‖. The neighborhood of a point in a Klee-
Phelps convex set (briefly, Nz) is defined by
Nz,ε = {x ∈ E : ‖x− z‖ ≤ ε} .
Lemma 2.2. If Sz is a Klee-Phelps convex set in E, S ⊂ E, z ∈ S, then Nz,ε ∩
clSz 6= ∅.
Proof. For each x ∈ Sz , ‖x− z‖ = inf
y∈S
‖x− y‖. Consequently, x ∈ Nz,ε. Hence,
Nz,ε ∩ clSz 6= ∅. 
Corollary 2.3. If Sz is a Klee-Phelps convex set in E, S ⊂ E, z ∈ S, then
Nz,ε δ Sz.
Proof. Immediate from Lemma 2.2 and the definition of proximity δ. 
Theorem 2.4. Let Sz be a Klee-Phelps convex set in E, S ⊂ E, z ∈ S. Nz,ε ⊆ Sz
is convex if and only if Nz,ε = Sz.
Proof. Nz,ε ⊆ Sz ⇔ ‖x− z‖ = inf
y∈S
‖x− y‖ for each x ∈ Sz ⇔ Nz,ε = Sz. Hence,
Nz is convex. 
A groupoid is a system S(◦) that consists of a nonempty set S together with a
binary operation ◦ on S [1]. A Klee-Phelps groupoid is a system Sz(◦) that consists
of a nonempty convex set Sz ⊂ E together with a binary operation ◦ on Sz such
that Sz(◦) ⊆ Sz .
Corollary 2.5. Let Sz(◦) is a Klee-Phelps convex groupoid in E, S ⊂ E, z ∈ S.
The neighbourhood groupoid Nz,ε(◦) ⊆ Sz(◦) is convex if and only if Nz,ε(◦) =
Sz(◦).
Proof. Immediate from Theorem 2.4. 
Theorem 2.6. Let U, V be proximal linear spaces, z ∈ S ⊂ U, z′ ∈ S′ ⊂ V and let
Sz (◦) , S′z′ (◦) be Klee-Phelps convex groupoids. Then
cl (Sz) ∩ cl (S
′
z′) 6= ∅ ⇔ Sz (◦) δ S
′
z′ (◦) .
Proof. Immediate from the definition of the proximity δ. 
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3. Main Results
Let Um and V n be m- and n-dimensional proximal linear spaces, respectively,
m,n ∈ N. Also, let S, T, s, t be the mappings given in
Um × Um
S
−−−−→ Uk, Um
s
−−−−→ Uk,
V n × V n
T
−−−−→ V k, V n
t
−−−−→ V k.
Lemma 3.1. Let Um, V n be proximal linear spaces, y, z ∈ S ⊂ Um, y′, z′ ∈ S′ ⊂
Um, Ny,ε, Sz ⊂ Um and Ny′,ε, S′z′ ⊂ V
n.
1o If m = n and Ny,ε δ Ny′,ε, then Sz δ S
′
z′ .
2o If m 6= n and s (Ny,ε) δ t (Ny′,ε), then s (Sz) δ t (S′z′).
3o If m 6= n and S (Ny,ε ×Ny,ε) δ T (Ny′,ε ×Ny′,ε)
then S (Sz × Sz) δ T (S
′
z′ × S
′
z′).
Proof.
1o Let m = n and Ny,ε δ Ny′,ε. Then cl (Ny,ε) ∩ cl (Ny′,ε) 6= ∅. From Lemma 2.2,
Ny,ε ⊆ cl (Sz) and Ny′,ε ⊆ cl (′Sz′). Consequently, cl (Sz) ∩ cl (Sz′) 6= ∅. Hence,
Sz δ S
′
z′ .
2o Let m 6= n and s (Ny,ε) δ t (Ny′,ε). Then cl (s (Ny,ε)) ∩ cl (t (Ny′)) 6= ∅. From
Lemma 2.2, Ny,ε ⊆ cl (Sz) and Ny′,ε ⊆ cl (Sz′). Consequently, cl (s (Sz)) ∩
cl (t (S′z′)) 6= ∅. Hence, s (Sz) δ t (S
′
z′).
3o Letm 6= n and S (Ny,ε ×Ny,ε) δ T ((Ny′,ε × (Ny′,ε). Then cl (S (Ny,ε ×Ny,ε)) ∩
cl (T (Ny′,ε ×Ny′,ε)) 6= ∅. From Lemma 2.2, Ny,ε ⊆ cl (Sz) and Ny′,ε ⊂ cl (S′z′).
Consequently, cl (S (Sz × Sz)) ∩ cl (T (S
′
z′ × S
′
z′)) 6= ∅. Hence, S (Sz × Sz) δ
T (S′z′ × S
′
z′).

Theorem 3.2. Let Um, V n be proximal linear spaces, Ny,ε (◦) ⊂ Um, Ny′,ε (◦) ⊂
V n proximal neighborhood groupoids and let Sz (◦) ⊂ Um , S′z′ (◦) ⊂ V
n be proximal
Klee-Phelps convex groupoids.
1o If m = n and Ny,ε (◦) δ Ny′,ε (◦) then Sz (◦) δ S′z′ (◦).
2o If m 6= n and s (Ny,ε (◦)) δ t (Ny′,ε (◦)) then s (Sz (◦)) δ t (S′z′ (◦)).
3o Ifm 6= n and S (Ny,ε (◦)×Ny,ε (◦)) δ T (Ny′,ε (◦) ×Ny′,ε (◦)) then S (Sz (◦)× Sz (◦))
δ T (S′z′ (◦)× S
′
z′ (◦)).
Proof. Immediate from Lemma 3.1. 
Remark 3.3. Let A,B ⊂ E,A δ B, provided ‖a− b‖ for some a ∈ clA, b ∈ clB, i.e.,
clA∩clB 6= ∅. From the definition of Nz,ε, a neighborhood of point z ∈ E, we know
‖x− z‖ < ε for each x ∈ E that is in Nz,ε. If a pair of neighborhoods Nz,ε, Nz′,ε
are proximal, then the neighborhoods have at least one point x in common. For
this reason, we can then write ‖x− z‖ = ‖x− z′‖. This leads to what is known
as normed proximity δP , i.e., A δP B, provided ‖x− z‖ = ‖x− z′‖ for some x ∈
E, z ∈ A, z′ ∈ B. 
Let (E, δ, δP ) denote a finite-dimensional normed linear space endowed with
proximities δ, δP (briefly, proximal linear space).
Lemma 3.4. Let (E, δ, δP ) be a proximal linear space, A,B ⊂ E.
(i) If A = Nz,ε, B = Nz′,ε, then A δP B ⇒ A δ B.
4 J.F. PETERS, M. A. O¨ZTU¨RK, AND M. UC¸KUN
(ii) If A = Sz, B = Sz′ then A δP B ⇔ A δ B.
Proof.
(i) A = Nz,ε ⊂ E, B = Nz′,ε ⊂ E.
A δP B ⇒ ‖x− z‖ = ‖x− z′‖ , for some x ∈ E, z ∈ A ∈ E, z′ ∈ B
⇒ x ∈ clA and x ∈ clB
⇒ clA ∩ clB 6= ∅
⇒ A δ B.
(ii) Let A = Sz ⊂ E and B = S′z′ ⊂ E.
A δ B ⇔ clA ∩ clB 6= ∅
⇔ ∃x ∈ clA ∩ clB
⇔ x ∈ clA and x ∈ clB
⇔ ‖x− z‖ = ‖x− z′‖ for some x ∈ E, z ∈ A, z′ ∈ B
⇔ A δP B.

Theorem 3.5. Let (E, δ, δP ) be a proximal linear space, A,B, S, S
′ ⊂ E, z ∈
S, z′ ∈ S′.
(i) If A(◦) = Nz,ε(◦), B(◦) = Nz′,ε(◦), then A(◦) δP B(◦) ⇒ A(◦) δ B(◦).
(ii) If A(◦) = Sz (◦) , B(◦) = S′z′ (◦), then A(◦) δP B(◦) ⇔ A(◦) δ B(◦).
Proof. Immediate from Lemma 3.4. 
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